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Numerical radius operator space .
Operator space $B(H)$ ,
. Numerical radius operator space $B(H)$
,
$w(a)= \sup\{|_{\backslash }’a\xi, \xi)||\xi\in H, ||\xi||=1\}$
. $B(H)$ $M_{n}(B(H))$
$H^{n}$ $B(H^{n})$ , $M_{n}(B(H))$
, .
$a=a^{*}\Rightarrow w(a)=||a||$
$w(a)\leq||a||\leq 2w(a)$
$||a||=2w(\begin{array}{ll}0 a0 0\end{array})$
. Holbrook .
Operator space Numerical radius operator
space .
$X$ . $n\in \mathbb{N}$ $M_{n}(X)$ $\mathcal{O}_{n}$
2 $(X, \mathcal{O}_{n})$ Operator space .
(OI) $\mathcal{O}_{m+n}(x\oplus y)=\max\{\mathcal{O}_{m}(x), \mathcal{O}_{n}(y)\}$ ,
(OII) $\mathcal{O}_{n}(\alpha x\beta)\leq||\alpha||||\beta||\mathcal{O}_{m}(x)$
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$x\in M_{m}(X),$ $y\in M_{n}(Y),$ $\alpha\in M_{nm},$ $\beta\in M_{mn}$ .
$n\in \mathbb{N}$ $M_{n}(X)$ $\mathcal{W}_{n}$ 2
$(X, \mathcal{W}_{n})$ Numerical radius operator space .
(WI) $\mathcal{W}_{m+n}(x\oplus y)=\max\{\mathcal{W}_{m}(x), \mathcal{W}_{n}(y)\}$,
(WII) $\mathcal{W}_{n}(\alpha x\alpha^{*})\leq||\alpha||^{2}\mathcal{W}_{m}(x)$
$x\in M_{m}(X),$ $y\in M_{n}(X),$ $\alpha\in M$ n .
Operator space Numerical radius operator space
Ruan , Operator space
$(X, \mathcal{O}_{n})$ $H$
, $B(H^{n})$ $\mathcal{O}_{n}$ .
Numerical radius operator space $(X, \mathcal{W}_{n})$
$\mathcal{O}_{n}^{w}(x)=2\mathcal{W}_{2n}(\begin{array}{ll}0 x0 0\end{array})$
, (01), (0 ) .
Operator space Ruan $(X, \mathcal{O}_{n}^{w})$ $B(H)$
. $X$ $B(H)$ , B(H
$\mathcal{W}_{n}$ .
Main Theorem. $(X, \mathcal{W}_{n})$ Numerical radius operator space .
$\Phi$ : $Xarrow B(H)$ $n\in \mathbb{N}$
$w_{n}(\Phi_{n}([x_{\mathrm{i}j}]))=w_{n}([\Phi(x_{ij})])=\mathcal{W}_{Tb}([x_{ij}])$
.
$||\Phi_{n}([x_{ij}])||_{n}=||[\Phi(x_{ij})]||_{n}=\mathcal{O}_{n}^{w}([x_{\mathrm{i}j}])$
.
. $x\in M_{n}(X)$ .
$\ovalbox{\tt\small REJECT}\Phi_{n}(x)||_{n}=2w_{2n}(\Phi_{2n}(\begin{array}{ll}0 x0 0\end{array}))$
$=2\mathcal{W}_{2n}(\begin{array}{ll}0 x0 0\end{array})$
$=\mathcal{O}_{n}^{w}(x)$
.
Operator space $(X, \mathcal{O}_{n})$ $\llcorner$ $\mathcal{W}_{n}$
$\mathcal{W}_{n}(x)=\frac{1}{2}\mathcal{O}_{n}(x)$ $x\in M_{n}(X)$
182
($X$ , W Numerical radius operator space
. $\mathcal{W}_{n}$ $\mathcal{O}_{n}^{w}$ (OI),(OII)
.
$\mathcal{O}_{n}^{w}(x)=2\mathcal{W}_{2n}(\begin{array}{ll}0 x0 0\end{array})$
$=\mathcal{O}_{2n}(\begin{array}{ll}0 x0 0\end{array})$
$=\mathcal{O}_{n}(x)$
$(\begin{array}{ll}\mathrm{O} x0 0\end{array})=(\begin{array}{l}10\end{array})x$ (0 1), $x=(1 0)$ $(\begin{array}{ll}0 x0 0\end{array})(\begin{array}{l}\mathrm{O}1\end{array})$
. $(X, \mathcal{W}_{n})$ ,
$(X, \mathrm{C}?_{n})$ . Ruan
.
Operator space Numerical radius operator space
. . Numerical radius
operator space
$1=w((\begin{array}{ll}0 10 0\end{array})(\begin{array}{ll}0 01 0\end{array}))>w(\begin{array}{ll}0 10 0\end{array})||(\begin{array}{ll}0 01 0\end{array})||=1/2$
(OII) .
$X=\mathbb{C}1_{H}$ $B(H)$ , Operator space,
Numerical radius operator space .
$X\ni a1_{H}\mapsto a1_{H}\otimes(\begin{array}{ll}\mathrm{O} \mathrm{c}\mathrm{o}\mathrm{s}\theta 0 \mathrm{s}\mathrm{i}\mathrm{n}\theta\end{array})\in B(H\otimes \mathbb{C}^{2})$
$(0\leq\theta\leq\pi)$ $X$ $B(H\otimes \mathbb{C}^{2})$ .
$\langle$ $X$ Operator space . $X$
$B(H\otimes \mathbb{C}^{2})$ $\theta$ , $X$
Numerical radius operator space .
, Operator space $(X, \mathcal{O})$
$\mathcal{O}_{n}(x)=2\mathcal{W}_{2n}(\begin{array}{ll}0 x\mathrm{C} 0\end{array})$
Numerical radius operator space $(X, \mathcal{W})$
. $\mathrm{f}\mathrm{f}/T\backslash$ , Numerical radius operator space
, ,
. [1] . Main
Theorem Ruan
$\ovalbox{\tt\small REJECT}$
. , .
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Effros-Ruan Ruan
.
Alfsen Hahn-Banach .
$([2:\mathrm{L}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}2.3.1])B$ , $K$ $E$ compact convex subset
. $K$ cone $\mathcal{E}$ $e\in \mathcal{E}$
$e(k_{e})\geq 0$ $k_{e}\in K$ , $e\in \mathcal{E}$
$e(k_{0})\geq 0$
$k_{0}\in K$ .
.
$(X, \mathcal{W})$ Numerical radius operator space . $f\in M_{n}(X)^{*}$.
(f) $= \sup\{|f(x)||x\in M_{n}(X), \mathcal{W}_{n}(x)=1\}=1$
$|f(\alpha x\alpha^{*})|\leq p_{0}(\alpha\alpha^{*})\mathcal{W}_{T}(x)$
$(r\in \mathbb{N}, \alpha\in M_{n,r}, x\in M_{r}(X))$ $p_{0}\in S(M_{n})$ . $S(M_{n})$
$M_{n}$ state ($M_{n}$ unital positive linear functionals ).
$\mathcal{W}_{7}.(x)=1$ $x\in 1M_{r}(X)$ $\alpha\in \mathbb{J}/I_{n,r}$
$p_{0}(\alpha\alpha^{\star}.)\geq{\rm Re} f(\alpha x\alpha^{*})$
$p_{0}\in S(M_{n})$ .
$E$ $M_{n}(X)^{*},$ $E$ compact convex subset $K$
$S_{n}=S(M_{n}),$ $K$ $A(K)$
$\mathcal{E}$
. $r\in \mathbb{N},$ $\alpha\in M_{n,r}$ , x\in l (X) with $\mathcal{W}_{r}(x)=1$
$e_{\alpha,x}\in A(K)\xi$:
$e_{\alpha,x}(p)=p(\alpha\alpha^{*})-{\rm Re} f(\alpha x\alpha^{*})$
.
$c>0$ $ce_{\alpha,x}=e_{\sqrt{c}\alpha,x}$ ,
$e_{\alpha,x}+e_{\alpha’,x’}=e_{\alpha’’,x^{\prime/}}$
$\mathcal{E}$ cone ,
$\alpha’’=[\alpha \alpha’]$ , $x”=||_{0}^{X}$ $x0,\ovalbox{\tt\small REJECT}$ .
$\mathcal{E}$
$e=e_{\alpha,x}$
$p_{e}(\alpha\alpha^{*})=||\alpha\alpha^{*}||=||\alpha||^{2}$
1 (;4
$p_{e}\in S_{n}$ . $\mathcal{W}_{n}(\alpha x\alpha^{*})\leq||\alpha||_{?}^{2}\mathcal{W}_{n}^{\dot{\mathrm{v}}}(f)=1$
$e_{\alpha,x}(p_{e})=||\alpha||^{2}-{\rm Re} f(\alpha x\alpha^{*})\geq 0$
. , $p_{0}$ .
C* GNS , ,
C* , faithful
. , .
$\mathcal{W}_{n}^{*}$
. $(f)=1$ $f\in M_{n}(X)$ $\mathcal{W}$-complete contraction $\varphi$ : $Xarrow$
$M_{n}$ $\xi\in(\mathbb{C}^{n})^{n}$
$f(x)=(\varphi_{n}(x)\xi,\xi.)$ $x\in\lambda’I_{n}(X)$
.
$x\in M_{n}(X)$ Hahn-Banach
$f_{x}(x)=\mathcal{W}_{n}(x)$
$\in l\mathrm{t}/I_{n}(X)^{*}$
.
$,$
$\mathcal{W}_{n}^{*}.(f_{x})=1$ . $f_{x}$
$\mathcal{W}$-complete contraction $\varphi_{x}$ : $Xarrow M_{n(x)}$ $\xi_{x}\in(\mathbb{C}^{n})^{n}$
$f_{x}(y)=((\varphi_{x})_{n}(y)\xi_{x}, \xi_{x})$ $y\in \mathrm{j}\vee I_{n}(X)$
.
$w_{n}((\varphi_{x})_{n}(x))\geq((\varphi_{x)n}^{\backslash }(x)\xi_{x)}\xi_{x})=f_{x}(x)=\mathcal{W}_{n}(x)$
. $\varphi_{x}$ $\mathcal{W}$-complete contraction,
$w_{m}((\varphi_{x})_{m}(y))\leq \mathcal{W}_{m}(y)$ for all $m\in \mathrm{N},$ $y\in M_{m}(X)$
$w_{n}((\varphi_{x})_{n}(x))=\mathcal{W}_{n}(x)$ . $\mathrm{N}\iota \mathrm{l}\mathrm{m}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$
radius operator space $\mathcal{W}_{n}$ ,
,
Mairl Theorem
.
$H=\oplus_{x\in\bigcup_{n}M_{n}(X)}\mathbb{C}^{n(x)}$
$\Phi:X\ni y\mapsto(\varphi_{x}(y))_{x}\in\oplus_{x\in\bigcup_{n}M_{\mathrm{n}}(X)}M_{n(x)}\subseteq B(H)$
.
Main Theorem ,
.
$f\in M_{n}(X)^{*},$ $\mathcal{W}_{n}^{*}$
.
$(f)=1$
$|f(\alpha x\alpha^{\star}.)|\leq p_{0}(\alpha\alpha^{*})\mathcal{W}_{r}(x)$
185
$(r\in \mathbb{N}, \alpha\in M_{n,r}, x\in M_{r}(X))$ $p0\in S(M_{n})$
$t>0$
$|f(\alpha x\beta)|=|f([t\alpha\beta^{*}./t]||_{0}^{0} x\mathrm{o}][t\alpha\beta^{*}/t]^{*})|$
$\leq p_{0}(t^{2}\alpha\alpha^{*}. +\beta^{*}\beta/t^{2})\mathcal{W}_{2n}(\begin{array}{ll}0 x0 0\end{array})$
$|f(\alpha x\beta)|\leq 2p_{0}(\alpha\alpha^{\star}.)^{1/2}p_{0}(\beta^{*}.\beta)^{1/2}\mathcal{W}_{2n}(\begin{array}{ll}\mathrm{O} .mb0 0\end{array})$
.
$p0\in S_{n}$ GNS
$\pi$ : $M_{n}arrow B(H)$ $\xi_{0}\in H$
$p\mathrm{o}(\alpha)=(\pi(\alpha)\xi_{0},\xi_{0})$ $\alpha\in M_{n}$
. $\mathbb{C}^{n}$ $M_{n}$
$\mathbb{C}^{n}\ni\alpha=[\alpha_{1}, \cdots,\alpha_{n}]-\neq\tilde{\alpha}=(\begin{array}{ll}\alpha_{1} \alpha_{n}0 0\vdots \vdots 0 0\end{array})\in M_{n}$
, $H$ $H_{0}=\{\pi(\tilde{\alpha})\xi_{0}|\alpha\in \mathbb{C}"\}$ $(\dim H_{0}\leq n)$ . $H_{0}$
sesqui-linear form
$H_{0}\cross H_{0}\ni(\pi(\tilde{\beta})\xi_{0},\pi(\tilde{\alpha})\xi_{0})\mapsto f(\alpha^{*}x\beta)$
. well-defined .
$|f(\alpha^{*}x\beta)|\leq 2p_{0}(\alpha^{*}\alpha)^{1/2}p_{0}(\beta^{*}\beta)^{1/2}\mathcal{W}(\begin{array}{ll}0 x0 0\end{array})$
$\leq 2||\pi(\tilde{\alpha})\xi_{0}||||\pi(\tilde{\beta})\xi_{0}||\mathcal{W}(\begin{array}{ll}0 x0 0\end{array})$ .
Riesz
$f(\alpha^{*}x\beta)=(\varphi_{0}(x)\pi(\tilde{\beta})\xi_{0},\pi(\tilde{\alpha})\xi_{0})$
$\varphi 0(x)\in B(H_{0})$ . $\dim H_{0}\leq n$ $H0$ $\mathbb{C}^{n}$
, $H_{0}$ $e$
$\varphi:X\ni x\mapsto\varphi(x)=\varphi_{0}(x)e\in M_{n}$
$f(\alpha^{*}x\beta)=(\varphi(x)\pi(\tilde{\beta})\xi_{0}, \pi(\tilde{\alpha})\xi_{0})$
168
. $\varphi$ .
$i$
$e_{i}=[0, \cdots, \mathrm{m}_{1}, \cdots, 0]\in \mathbb{C}^{n}$ $=e_{1i}\in M_{n}$
$f(x)= \sum_{i,j}f(e_{i1}(x_{ij}\otimes e_{11})e_{1j})$
$= \sum_{i,j}(\varphi(x_{ij})\pi(\tilde{e}_{j})\xi_{0},\pi(\tilde{e}_{i})\xi_{0})$
$=$ ( $\varphi_{n}(x)(\begin{array}{l}\pi(\tilde{e}_{1})\xi_{\mathrm{O}}\vdots\pi(\tilde{e}_{n})\xi_{0}\end{array})$ $(\begin{array}{l}\pi(\tilde{e}_{1})\xi_{0}\vdots\pi(\tilde{e}_{n})\xi_{0}\end{array})$ )
$\xi=(\begin{array}{l}\pi(\tilde{e}_{1})\xi_{0}\vdots\pi(\tilde{e}_{n})\xi_{\mathrm{O}}\end{array})\in(\mathbb{C}^{n})^{n}$
$|| \xi||^{2}=\sum_{i}||\pi(\tilde{e}_{i})\xi_{0}||^{2}=\sum_{i}||\pi(e_{1i})\xi_{0}||^{2}=\sum_{\mathrm{i}}p_{0}(e_{ii})=1$
.
.
$\varphi$
$\mathcal{W}$-complete contraction . $m\in \mathbb{N}$
$\mathcal{W}(\{\mathit{0}_{m})’=\sup\{w_{m}(\varphi_{rr\iota}(x))|x\in M_{m}(X), \mathcal{W}_{m}(x)=1\}$
. $m>n$ $\eta\in \mathbb{C}^{m}\otimes \mathbb{C}^{n}$ $\beta$ : $\mathbb{C}^{n}arrow \mathbb{C}^{m}$
$\tilde{\eta}\in \mathbb{C}^{n}\otimes \mathbb{C}^{n}$
$(\beta\otimes 1_{n})\tilde{\eta}=\eta$
([2:Lemma 2.2.1]).
$m>n$ $\mathcal{W}(\varphi_{m})>\mathcal{W}$ (\mbox{\boldmath $\varphi$} . $\epsilon>0$ $x\in$
$M_{m}(X),$ $\mathcal{W}_{\Gamma b},(x)=1,$ $\eta\in(\mathbb{C}^{n})^{m}$
$\mathcal{W}(\varphi_{m})-\epsilon<|(\varphi_{m}(x)\eta,\eta)|$
.
$|(\varphi_{m}(x)\eta,\eta)|=|((\varphi_{m}(x)(\beta\otimes 1_{n})\tilde{\eta}, (\beta\otimes 1_{n})\tilde{\eta})|$
$=(\beta^{*}\varphi_{m}(x)\beta\tilde{\eta},\tilde{\eta})$
$=(\varphi_{n}(\beta^{*}.x\beta)\tilde{\eta},\overline{\eta})\leq \mathcal{W}(\varphi_{n})$
.
$\mathcal{W}(\varphi_{n})\leq 1$ $\mathcal{W}$-complete contraction
.
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$\alpha_{1},$
$\ldots,$
$\alpha_{n}\in \mathbb{C}^{n}$ $\eta=(\begin{array}{l}\pi(\tilde{\alpha}_{1})\xi_{0}\vdots\pi(\tilde{\alpha}_{n})\xi_{0}\end{array})$ . $\alpha=$
$(\begin{array}{l}\alpha_{1}\vdots\alpha_{n}\end{array})\in M_{n}$
$1=|| \eta||^{2}=\sum_{i}||\pi(\tilde{\alpha}_{i})\xi_{0}||^{2}=\sum_{i}p_{0}(\alpha_{i}^{*}\alpha_{i})=p_{0}(\alpha^{*}\alpha)$
.
$|( \varphi_{n}(x)\eta, \eta)|=|\sum_{i,j}(\varphi(x_{ij})\pi(\tilde{\alpha}_{j})\xi_{0},\pi(\tilde{\alpha}_{j})\xi_{0})|=|\sum_{i,j}f(\alpha_{i}^{*}x_{ij}\alpha_{j})|$
$=|f(\alpha^{*}x\alpha)|\leq p_{0}(\alpha^{*}\alpha)\mathcal{W}_{n}(x)=\mathcal{W}_{n}(x)$
$\mathcal{W}(\varphi_{n})\leq 1$ .
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